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1. Introduction
Let n be a positive integer and f : Cn1; 0 ! C; 0 the germ of a holomorphic
function. If B
2 n2
« and D

h denote the closed ball in C
n1 with centre 0 and
radius «, and the punctured closed disc in C of centre 0 and radius h, respectively,
the restriction of a representative of f defined by
f«;h: B
2 n2
« ˙ f ÿ1Dh ÿ!
f
D

h ;
with 0 < h p « p 1, is a locally trivial fibration, which does not depend on the
choice of « and h provided they are sufficiently small. This is the Milnor fibration
of f (see [21]). It is the main object one considers when studying the topology of
the holomorphic germ f .
The aim of this paper is to describe how the Milnor fibration varies in certain
1-parameter linear deformations, that is, those defined by
ft  f  tg
where g: Cn1; 0 ! C; 0 is another germ of an analytic function having no
common factor with f . In the case where f has an isolated singular point at 0,
Parusin´ski showed recently in [23] that, for these deformations, the constancy of
the Milnor number m ft  dimC Cfzg=¶ ft =¶z implies that all these germs
have homeomorphic Milnor fibrations. This has to be compared with the paper of
Leˆ and Ramanujam [13], which gives the same result for any deformation of a
germ with an isolated singular point, but with the hypothesis n 6 2.
When the critical locus Crit f of f is 1-dimensional, Iomdine in [8] and Leˆ in
[11] introduced the so-called Iomdine-Leˆ deformations of the type ft  f  t, N ,
with , a generic linear form with respect to f and N 2N, N q 1. Using different
methods, they showed that the Milnor fibre of f embeds in that of ft , and
computed the difference between their Euler characteristics in terms of local
invariants of the restriction of the pair  f ; , to the critical locus of f . Siersma in
[25] extended these results by first showing that the whole Milnor fibration of f
embeds in that of ft and then computing the difference between their
monodromies. Shortly afterwards, Schrauwen in [24, Chapter 6] and Ne´methi in
[22] established analogous results for a more general choice of g, but with the
same assumption on the dimension of Crit f . Finally, Tiba˘r in [27] proved the
embedding result of Siersma for Iomdine–Leˆ deformations without any restriction
on the dimension.
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The proofs of all these statements (starting with the ones of Iomdine and Leˆ)
are essentially based on the lifting in Cn1; 0 of isotopies in C2; 0 by means
of the map  f ; g. The most extensive use of this technique was made by Leˆ in
his work on the Cerf diagram (see [10] for instance). Other results based on this
idea are the various decompositions of the Milnor fibre obtained first by Leˆ and
Perron in [12], then by Vannier in [28], Massey in [19] and Tiba˘r in [26].
The first part of our work (see § 2) is devoted to a unifying detailed description
of the isotopies in C2; 0 which are the basis of all these results. They are
maximal isotopies between subdiscs of complex lines transverse to a fixed plane
curve germ. Under the map  f ; g, such a subdisc corresponds to a Milnor
subfibre for the germ ft , when t is related to the slope of the complex line, the
curve being the discriminant Disc f ; g.
Next (see § 3), we impose on the pair  f ; g a genericity condition: having no
blowing up in codimension 0 (see Definition 3.1 and Example 3.3). This condition
is in many ways minimal to get results like those stated above. We will say ‘with
no blowing up’ in the sequel for convenience. The concept was introduced in [7]
as the first requirement for a morphism W to admit a stratification satisfying
Thom’s aW-condition. We then prove the statements needed to get isotopies in
Cn1; 0 from those constructed in the preceding section. One point should be
mentioned here: in order to study the Milnor fibration of each germ ft by means
of the map  f ; g, one must actually replace the ball B2 n2« in its definition by its
intersection with the preimage by  f ; g of a closed ball B4d around 0 in C2, with
d p «. Strictly speaking, one then gets a ‘generalized’ Milnor fibration for each
germ ft , which has the same homotopy type as the usual one and determines the
embedded topology of the hypersurface germ defined by ft (see Proposition 3.7).
We actually compare such generalized Milnor fibrations.
Now let us state our main results (proofs and complete statements can be found
in § 4). We have chosen to treat the deformations ft  f  tg globally with respect
to the parameter t , that is, t 2 P1  C ¨ f1g (with f1  g). This can be justified
by the natural appearance of these deformations in the study of the topology at
infinity of a polynomial function F 2 Cz (here, t stands for the different values
F takes; see the Remark in paragraph 5.1). A more general motivation is that
linear deformations can be understood as the local equations near a base point of
divisors in a linear system defined on a smooth complex variety. We are then led
to the following definition (see [15]).
Definition 1.1. Let F   f ; g: Cn1; 0 ! C2; 0 be a pair of germs of
holomorphic functions without common factor. The pencil of hypersurface
singularities PF associated with F is the set of holomorphic germs of functions
parametrized by the projective line P1 and defined by
PF : fJt  agÿ b f j t  a : b 2 P1g:
The choice of a pair of homogeneous coordinates a : b for a parameter t 2 P1
does not affect the local topology of the germ Jt (nor its analytic type): it is
therefore well defined. We call the germs Jt the members of the pencil PF.
One can show, using the general results of Whitney and Thom–Mather on
analytic stratifications (see for instance [14, 1.2.7 and 1.2.8]), that there is a finite
subset AF of the projective line P
1 such that the embedded topology of the
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hypersurface germ VJt defined by any member Jt with t 2 AF is different from
those of all the VJt 0  with t 0 62 AF , which are all the same. A member Jt with
t 2 AF is called atypical, and if t 62 AF it is said to be generic. The study of the
topology of a pencil then reduces to the following two questions.
(i) What is the finite set AF of atypical parameters?
(ii) Is it possible to compare the atypical topologies with the generic ones?
When F   f ; g is a pair with no blowing up, we obtain the following two
results, related to these two questions. In this case, the pencil PF is also said
‘to have no blowing up’. This condition ensures that the discriminant Disc F
is either void or a germ of a curve in C2; 0 (see the Remark following
Example 3.3).
Definition 1.2. A member Jt of PF is called transverse if t does not
belong to the projective tangent cone PC0 Disc F Ì P1.
Theorem 1.3. All transverse members of a pencil with no blowing up
have isotopic Milnor fibrations. In particular, they are all generic. One then
has the inclusion:
AF Ì PC0 Disc F:
Example 1.4. If F   f ; ,, where , is a generic linear form with respect to
f , a lemma of Leˆ (see [9]) asserts that
PC0 Disc  f ; ,  f0 : 1g:
But for t  1 : t 6 0 : 1, Jt  ,ÿ t f is smooth. This gives therefore a special
case of the preceding result.
Now for any member Jt of PF we call any subfibration of its Milnor
fibration with the same dimension and the same basis a Milnor subfibration of Jt .
Theorem 1.5. Every non-transverse member of a pencil with no blowing up
has a Milnor subfibration (its internal Milnor subfibration, see Definition 4.1)
isotopic to a Milnor subfibration of every transverse member.
The embedding theorems of [25, 24, 27] quoted above are special cases of this
result. Note also that in the two main families of examples of pencils with no
blowing up (pairs defining an isolated complete intersection singularity or giving
generalized Iomdine–Leˆ deformations, see paragraph 5.1), the Milnor fibre is
obtained from its internal Milnor subfibre by the addition of n-handles.
Theorem 1.5 makes it possible to describe a common factor between the
characteristic polynomials of the top-dimensional homological monodromies of f
and ft  f  tg, or more generally between their homological zeta functions (see
Proposition 4.3). This was also noticed in [25, 24, 22, 27] in particular cases.
Furthermore, if the pencil PF has at least two non-transverse members, there is
a Mayer–Vietoris spectral sequence which gives a theoretical way to compute the
homological monodromy of the transverse member from those of the non-
transverse members (see Theorem 4.5). This is the main result justifying the
decision to consider the deformation parameter as an element of P1.
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Finally, in certain cases the Milnor fibre of one of the two compared members
can be embedded in the Milnor fibre of the other (see Theorem 4.6 for a precise
statement). This can lead to a finer approximation of the set of atypical members
of PF (see Corollary 4.7).
To conclude, we give in § 5 two examples. The first describes generalised
Iomdine–Leˆ deformations, with which we do not require N to be large. The
second is the study of a pair which does not fit in any of the families studied in
the papers cited above.
Acknowledgements. This is a short version of my PhD thesis [3], a summary
of which has already been published in [4]. I thank my advisor, Franc¸oise Michel,
for many useful discussions. I also thank Claude Weber and the Swiss National
Fund, which provided financial support during the revision of a first version of
this paper.
2. Maximal isotopies of complex lines transverse to a plane curve germ
Let D Ì C2; 0 be a reduced plane curve germ D  Disc f ; g in our
applications). We will consider representatives of this germ, which we will still
denote by D, in a sufficiently small open ball Bd  B4d with centre 0 and radius d.
We can suppose that the only singular point of D is the origin 0. The purpose of
this section is to describe isotopies of complex lines transverse to D in Bd .
The pair consisting of a complex line not containing 0 and of its intersection
with D in Bd is diffeomorphic to a (real) disc with a finite number of marked
points on it. Such a pair will be called a marked disc. The notions of marked
subdisc, of the marking of a marked (sub)disc and of isotopy of marked
(sub)discs are defined in an obvious way.
A marked disc has a direction in the projective line P1 and a distance to the
origin in 0; 1. The internal marking of a marked (sub)disc D of direction t
consists of the intersection of D with the irreducible components of D whose
tangent direction at 0 is different from t. This terminology comes from the fact
that the intersection of D with the components of D of direction t at 0 is
contained in an external corona of D (see Figure 1).
2.1. Isotopies of families of marked subdiscs
We will first consider isotopies between families of marked subdiscs. Here is
the main result.
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Figure 1. The internal marking (in the gray subdisc).
Proposition 2.1. Let t and t 0 be two directions in P1. In every sufficiently
small open ball with centre 0 in C2, all marked discs with directions t or t 0
which are sufficiently close to 0 have isotopic marked subdiscs, whose marking
consists in the intersection of these discs with the components of D not tangent at
0 to t or t 0.
In particular, if t and t 0 do not belong to the projective tangent cone PC0 D of
D at 0, all these marked discs are isotopic.
Definition 2.2. A marked disc will be called transverse if its direction does
not belong to the projective tangent cone PC0 D.
The last proposition then says that all transverse marked discs sufficiently close
to the origin are isotopic. Its proof comes from the following lemma.
Lemma 2.3. Let Q Ì P1 be a smooth compact two-dimensional submanifold
which meets the projective tangent cone PC0 D of D at 0 in its interior. We
denote this intersection by PC0 DQ . Then for all d > 0 sufficiently small, the
pair N
Q ; d
; N
Q ; d
˙ D is a pair of smooth manifolds with corners, where
N
Q ; d
: Bd ˙ CQnf0g is the cone over Q in the closed ball Bd with the
origin removed.
Furthermore, let K Ì P1 be a compact subset which does not meet PC0 DQ nor
the boundary ¶Q. Then for all such d > 0, there is an r > 0 with 0 < r p d, such
that every complex line of direction t in K whose distance to the origin lies in
0; r cuts this pair transversally.
Sketch of proof (see [3] for details). This is a consequence of the fact that, for
every neighbourhood V of PC0 DQ in Q  IntQ, there is a d > 0 such that the
intersection N
Q ; d
˙ D is contained in the cone over V in C2 (this property is true
for all local affine complex varieties, regardless of their dimension) and every
tangent line to this intersection has its direction in V (this comes from the fact
that the set of limiting tangent directions to D at 0 coincides precisely with the
projective tangent cone; this is true only for curves). All the directions to be
avoided in order for a line to cross the pair N
Q ; d
; N
Q ; d
˙ D transversally are
then contained in V ¨ ¶Q. Moreover, it follows from an elementary computation
that for each d > 0, there is an r > 0 such that the intersection of N
Q ; d
with a
complex line with direction in K and distance to the origin in 0; r is contained
in the open ball Bd . One concludes by choosing V disjoint from K. . . . . . . . .A
Proof of Proposition 2.1. Let K be a (smooth) path linking t and t 0 in P1,
and let Q be the complement in P1 of any sufficiently small contractible open
neighbourhood of K with smooth boundary, or the whole projective line P1, if
neither t nor t 0 lies in PC0 D . Then Q and K fulfill the hypotheses of the
preceding lemma. But its conclusion can be rephrased as follows: the set BK ; r of
complex lines with direction in K and distance to the origin in 0; r is a
connected submanifold of the grassmannian Gaff1; 2 of affine complex lines in
C2, and the natural projection
pd : Bd · P1 ! Gaff1; 2
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sending a pair z; t to the line passing through z of direction t, when restricted
to the pair NQ ; d ; NQ ; d ˙ D · P1 , defines a proper submersion
pd; K ; r;Q : NQ ; d ; NQ ; d ˙ D · P1˙ pÿ1BK ; r ! BK ; r
of pairs of smooth manifolds with corners, and thus a smooth fibration according
to the Ehresmann fibration theorem. The proposition follows. . . . . . . . . . . . .A
2.2. Maximal isotopies of marked subdiscs
Proposition 2.1 says in particular that two marked discs with arbitrary directions
which are sufficiently close to the origin have a piece in common. We now
determine a larger common piece. The point is that contrary to Proposition 2.1,
this piece cannot be shared a priori by all the marked discs having one of the two
directions and sufficiently close to 0. We can restrict ourselves to the comparison
of a non-transverse marked disc with a transverse one.
Proposition 2.4. Let t and t 0 be two distinct directions in P1, where t is in
the projective tangent cone PC0 D and t
0 is not. In any neighbourhood of 0 in C2
and for all r > 0 sufficiently small, there are two marked discs D and D 0 of
directions t and t 0 respectively and distance to the origin less than r, and an
isotopy between a marked subdisc of D containing its internal marking and a
marked subdisc of D 0 containing all its marking except at most one point. This
point corresponds to the case when the line going through 0 of direction t is a
component of D . Furthermore, this isotopy can be made compatible with the one
of Proposition 2.1.
Proof. This is an extended version of the ‘rabattement dans le diagramme de
Cerf ’ (‘tilting up in the Cerf diagram’) that appeared in [12].
First of all, after a linear change of coordinates, one can suppose that t is the
horizontal direction 1 : 0, that t 0  1 : 1 and that the projective tangent cone
PC0 D does not contain the vertical direction 0 : 1. One can further assume that
PC0 D Ì f1 : t j j t j > 1g, because of the isotopy of all the transverse discs. We
will restrict ourselves to isotopies of the form fL yt gt2 0; 1, where L yt is the
complex line of direction 1 : t, and with y 2 C as its intercept (in other words,
the equation of L
y
t is v  y t u). The disc D corresponding to L y0 will be called
horizontal, while D 0, corresponding to L y1, will be called oblique. This may
explain the name ‘tilting up’.
We see that the set Cˇ2 of non-vertical complex lines in C2 is isomorphic to C2,
via the correspondence t; y 7! L yt . The distance to the origin of L yt being smaller
than j yj, the first step of the proof is to find a y in an arbitrary small disc Dr Ì C
such that all the complex lines L
y
t with t 2 0; 1 meet D transversally. This is
the same as asking that the segment 0; 1 · f yg does not meet the dual variety
Dˇ Ì Cˇ2 . C2. The hypotheses made show that only the dual varieties Dˇ i
corresponding to the components D i of D having horizontal directions at 0 can
raise problems. But one can show (see [3, lemme II.12]) that the Dˇ i are complex
curves passing through 0ˇ with a horizontal direction at 0ˇ in Cˇ2 . C2. A
transversality argument can then be used to conclude this part of the proof.
The choice of y being made, it remains to understand the common marking
between the horizontal disc D  L y0 ˙ Bd and the oblique disc D 0  L y1 ˙ Bd . It is
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indeed the case that the horizontal disc meets the components of D tangent to the
u-axis (and distinct from it) in more points than the oblique disc does. On the
contrary, the oblique disc meets the u-axis while the horizontal disc does not. An
elementary but tedious study (see [3, II.3.3–3.4]) then shows that the common
marking consists in all the marking of the oblique disc, except its intersection
with the u-axis, when it is a component of D, and that it contains the internal
marking of the horizontal disc.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .A
Remark. A more detailed description of the common subdisc, corresponding
to Figure 2, can be found in [3, II.4]. Note that this description was used
implicitly in [26].
3. Lifting isotopies within a pair with no blowing up
The aim of this section is to give a sufficient condition on an analytic germ
F   f ; g: Cn1; 0 ! C2; 0 in order to construct nice representatives of it,
which means that when restricting to these, isotopies in C2; 0 can be lifted in
Cn1; 0 under certain conditions. We will then use these representatives in the
next section to deduce isotopies between the Milnor fibrations of two members
of the pencil associated with F from the isotopies in C2; 0 constructed in the
previous section.
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Figure 2. Marked discs ‘tilting up’.
3.1. Morphisms with no blowing up in codimension 0
Recall first (see [7]) that the relative conormal space CWX  of a complex
analytic mapping W: X; 0 ! C p1; 0, defined in an open neighbourhood X of
0 in Cn1, is the closure in the product X · Pˇn of the set of hyperplanes tangent
to the smooth parts of the fibres of W. Such a hyperplane is given by a point
z 2 X of tangency with a fibre of W and its direction tˇ 2 Pˇn in the projective
space of hyperplane directions in Cn1. This set CWX  is analytic in X · Pˇn and
is endowed with a natural projection tW : CWX  ! X. The fibre of tW over z 2 X
is exactly the set of limiting tangent hyperplane directions in Pˇn at z to the fibres
of W.
Definition 3.1 [7]. A complex analytic germ W: Cn1; 0 ! C p1; 0 has
no blowing up (in codimension 0) if it is open and if the composition
W – tW : CWX  ! C p1 of a representative of W with the natural projection of
its relative conormal space is open.
Lemma 3.2. A complex analytic germ W: Cn1; 0 ! C p1; 0 has no
blowing up if and only if its zero locus VW admits a (complex analytic) Whitney
stratification along which the non-critical locus Cn1 nCrit W satisfies Thom’s
aW-condition. We then say that the zero locus of W admits a good stratification.
Proof. By hypothesis, W is open, and thus equidimensional, when it has no
blowing up. One can then apply Theorem 7.1.1 of [7] to show that its zero locus
admits a good stratification.
Now if VW admits a good stratification S, any limit at a point z of VW of
hyperplanes tangent to the fibres of W is tangent to the stratum S containing it. In
other words, the fibre at z of the relative conormal space is contained in the fibre
of the (‘absolute’) conormal space of S (that is, the set of hyperplanes containing
the tangent space to S at z). Thus, the union of the fibres of the relative conormal
space at the points of VW, that is, the fibre at 0 of the composition W – tW , is
contained in the finite union of the conormal spaces of the strata of S, which are
known to be n-dimensional. Since any fibre of W – tW at a regular value of W is
n-dimensional (as the conormal space to the fibre of W at this point), and since
the dimension of the fibres of W – tW is a lower semi-continuous function, this
composition is equidimensional, and thus open, over any sufficiently small
neighbourhood of 0 in C p1.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .A
Examples 3.3. (a)  p  0 Any germ f : Cn1; 0 ! C; 0 of a function has
no blowing up (any Whitney stratification of the zero locus V f  is in fact a good
stratification; see [2]).
(b) Any germ W defining an isolated complete intersection singularity has no
blowing up (this can be seen by applying the preceding characterization). In
particular, this condition is always fulfilled when W is finite (that is, p  n and W
is open).
(c) If the germ W: Cn1; 0 ! C p1; 0 has no blowing up, then for a
generic linear projection ,: Cn1; 0 ! Cq; 0, the germ W; ,: Cn1; 0 !
C pq1; 0 has no blowing up (this is a basic tool in the study of the polar
varieties of Leˆ and Teissier; see for instance [14]).
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(d) The composition of a finite germ P: C p1; 0 ! C p1; 0 with a germ
W: Cn1; 0 ! C p1; 0 with no blowing up again has no blowing up (apply
the preceding lemma).
(e) Any direct product W1 · W2: Cn1n 22; 0 ! C p1p 22; 0 of two germs
with no blowing up is again with no blowing up (the product of the good
stratifications of VW1 and VW2 is a good stratification of VW1 · W2).
(f ) (Leˆ) The germ x; y; z 7! x; y2 ÿ xz is open, homogeneous but with
blowing up (consider the points t; t 2; c tending towards a point 0; 0; c in the
zero locus and the limiting tangent direction associated with this sequence).
Remark. The discriminant of the last example is just the origin 0 in C2,
while those of the first two examples are hypersurfaces in C p1 (see for instance
[17, 2.8] in the second case). This is indeed a general fact (see [16, 1.3.2]): the
discriminant of a germ W: Cn1; 0 ! C p1; 0 with no blowing up is either
void or a hypersurface germ in C p1; 0.
Now let us state the main property of germs with no blowing up. Notice that
for p  0 this is exactly the Milnor fibration theorem.
Proposition 3.4. Let W: Cn1; 0 ! C p1; 0 be a complex analytic germ
with no blowing up. For any « > 0 sufficiently small, there is a d > 0, with d p «,
such that the restriction
W«; d : B
2 n2
« ˙ Wÿ1B2 p2d n Disc Wÿ!W B2 p2d n Disc W
is a locally trivial smooth fibration.
Proof. This is an easy consequence of the aW-condition satisfied by
Cn1 nCrit W along a good stratification of VW, and the transversality of this
stratification with any sufficiently small sphere with centre 0 2 Cn1. Details are
left to the reader. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .A
3.2. An isotopy lemma for pairs  f ; g: Cn1; 0 ! C2; 0 with no blowing up
Proposition 3.4 is the first step towards the lifting of isotopies in C p1; 0 to
isotopies in Cn1; 0. Unfortunately, when dealing with isotopies of hyper-
surfaces, the intersections of these with the discriminant Disc W in C p1 are not
tractable without studying their intersection with the boundary sphere
S
2 p1
d Ì C
p1, unless p < 1. This is the first reason why we are primarily
concerned with pairs F   f ; g with no blowing up. The second will appear in
the proof of the following proposition, which is the technical core of our work.
Proposition 3.5. Let F   f ; g: Cn1; 0 ! C2; 0 be a pair with no
blowing up. Then for all « > 0 sufficiently small there is a d > 0, with d p «, such
that the representative
F«; d: X«; d : B2 n2« ˙ Fÿ1B4d  ! B4d
lifts the isotopies. By this we mean that, for any submanifold Q of B
4
d meeting
Disc F transversally outside of 0, one has the following:
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(1) the preimage P : Fÿ1«; dQ is a submanifold of X«; d;
(2) for any proper (stratified ) submersion P: Q; Q ˙ Disc F ! R, the
composition P – F«; dj: P! R is also a proper submersion.
Proof. To prove the requirement (1) (and by the way that X«; d is indeed a
manifold with corners), it suffices to show that all the faces Qi composing the
manifold with corners Q are transverse to the restrictions of F«; d to the two faces
of the manifold with boundary B
2 n2
« , that is, B
2 n2
« and S
2 n1
« . Since F has no
blowing up, these two restrictions are submersive over the complement of Disc F
in B42d, for d sufficiently small. Then we just have to check what happens over the
intersection of Q with Disc F. So let w 2 Q ˙ Disc F and z 2 Fÿ1«; dw. By
hypothesis, w is different from 0; hence it is a smooth point of Disc F. One can
then show, using the Curve Selection Lemma, that im dFz ˚ Tw Disc F (see [3,
I.41]). But the face Qi of Q containing w meets Disc F transversally. So we have
Tw Disc F Tw Qi  Tw B4d , which gives
imdFz  Tw Qi  Tw B4d :
If z 2 B2 n2« , then im dF«; dz  im dFz, and the result follows.
If z 2 S 2 n1« , it suffices to show that im dFjS 2 n 1« z  im dFz, in other words
ker dFz  Tz S 2 n1«  TzCn1. But z 62 VF, so if d and « are chosen such that
f«; d and g«; d are Milnor fibrations for f and g (see the Introduction), z is a regular
point of f or of g (for instance of f ), and the kernel ker dFz is exactly the
tangent space to the fibre of f containing z. But this fibre is transverse to the
sphere S 2 n1« , which establishes the property. Note here the importance of F
being a pair.
To prove the second requirement, we just have to show that the restriction of
the composition P – F«; d to all the faces of the manifold with corners P is a
submersion, the properness being clear. Let z be a point in a face Pi; j of P over
the face Qi of Q. One has the following chain of linear maps:
Tz Pi; jÿÿÿÿÿÿÿ!
dF«; djPi ; j
TFzQiÿÿÿÿÿÿÿ!
dPFz
TPFzR:
Now the intersection
TFzQi ˙ TFzDisc F  TFzQi ˙ Disc F
is contained in the image imdF«; djPi ; jz. Since P is a submersion of the pair
Q ; Q ˙ Disc F on R, this concludes the proof.. . . . . . . . . . . . . . . . . . . . .A
3.3. Generalized Milnor fibrations for the members of a pencil with no blowing up
For a fixed pair F   f ; g with no blowing up, Proposition 3.5 gives us a
fundamental family of privileged neighbourhoods of 0 in Cn1 which have very
nice properties. It is then natural to ask to what extent we can restrict to these
neighbourhoods when considering the Milnor fibrations of the different members
of the pencil associated with F. The following Lemma 3.8 says that it is possible
to do so, provided we consider only a finite number of members.
We first need some technical preparations. The question of whether the Milnor
fibration of a complex analytic germ of the function f : Cn1; 0 ! C; 0 is well
defined has been carefully analysed by Massey in [20, II]. But we have to adapt
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his results to show that the ‘new’ Milnor fibration determines the embedded
topological type of V f  in Cn1; 0. Durfee in [5] introduced the notion of
algebraic neighbourhood and showed the invariance of the embedded topological
type with respect to the choice of the function defining these neighbourhoods.
To use this result, we have to introduce the notion of 1-parameter family of
privileged subanalytic neighbourhoods, which was inspired by [14, 2.2]. So the
Definition and the Proposition that follow are merely a rephrasing of the results of
Leˆ and Teissier, Durfee, and Massey that we have just cited.
Definition 3.6. Let X be an open neighbourhood of 0 in Cn1. A
subanalytic rug function a: X ! R is a subanalytic, proper function such that
aÿ10  f0g. A (closed ) subanalytic neighbourhood of 0 in Cn1 is a compact
neighbourhood U«a of 0 in Cn1 of the form
U«a : aÿ10; «;
where a is a subanalytic rug function and « > 0 a sufficiently small positive
real number.
Now let f : Cn1; 0 ! C; 0 be a germ of an analytic function. A subanalytic
neighbourhood U«a of 0 in Cn1 is called privileged with respect to f if it
admits a Whitney stratification such that its interior U«a is a stratum of this
stratification, and whose strata meet the strata of a Whitney stratification of V f 
transversally. Finally, we say that the subanalytic rug function a: X ! R defines
a 1-parameter family of privileged neighbourhoods with respect to f if its graph
gra Ì X · R admits a subanalytic stratification the restriction of which
makes each U«a a privileged neighbourhood with respect to f , for all « > 0
sufficiently small.
Proposition 3.7. Let f : Cn1; 0 ! C; 0 be a germ of an analytic
function. Let a: X ! R be a subanalytic function defining a 1-parameter family
of privileged neighbourhoods with respect to f . Then for all « > 0 sufficiently
small, there is h > 0, with h p «, such that the restriction
f«;h: U«a˙ f ÿ1Dh ÿ!
f
D

h
is a locally trivial topological (stratified) fibration, whose fibre homotopy type
does not depend on the choice of a. Furthermore, its total space gives the
embedded topological type of V f  in Cn1; 0. We will call such a restriction
the (generalized) Milnor fibration of f .
Proof. The first part of the statement is exactly Proposition 1.5 of [20], in the
light of the result of Brianc¸on, Maisonobe and Merle quoted above that any
Whitney stratification of V f  satisfies the af condition.
Using the terminology of [6], we see that this part of the statement shows that
the set of pairs «; h 2 R2 such that f«; h is a stratified submersion is fringed. But
because we are considering a 1-parameter family of privileged neighbourhoods,
this set can be shown to be subanalytic (see [3, proposition [I.21]). It therefore
contains the graph of a strictly increasing subanalytic function h f ;a . Now, to show
that the fibration f«; h f ; a determines the topological type of V f  in Cn1; 0, it
suffices to notice that its total space is the complement of V f  in the subanalytic
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neighbourhood U«b associated with the subanalytic function
b : maxa; hÿ1f ; aj f j:
We then conclude by using the fundamental result of Durfee [5, 3.5], which
extends naturally to the subanalytic context. . . . . . . . . . . . . . . . . . . . . . . .A
Proposition 3.7, and the (simple) fact that the ordinary balls B
2 n2
« form a 1-
parameter family of privileged neighbourhoods with respect to any germ f , show
that the study of the Milnor fibration can be done in any 1-parameter family of
privileged neighbourhoods. Now we come to the result we were aiming at.
Lemma 3.8. Let t Ì P1 be a finite subset of the projective line. For any germ
F: Cn1; 0 ! C2; 0 with no blowing up, there are a number «F > 0 and a
strictly increasing subanalytic function dF : 0; «F ! R such that, for all
« 2 0; «F , the neighbourhoods X« : B2 n2« ˙ Fÿ1B4dF« satisfy the requirements
of Proposition 3.5 and form a 1-parameter family of privileged neighbourhoods
with respect to all the members Jt of PF with t 2 t.
Proof. Let us first examine the stratification of the neighbourhoods X«; d of
Proposition 3.5. They are manifolds with corners, and their natural stratification is
X«; d  B2 n2« ˙ Fÿ1B4d ¨ B2 n2« ˙ Fÿ1S 3d 
¨ S 2 n1« ˙ Fÿ1B4d ¨ S 2 n1« ˙ Fÿ1S 3d :
Moreover, if d is given by a subanalytic function dF , the graph of the subanalytic
function a  maxr ; dÿ1F jFj defining these neighbourhoods is also a manifold
with corners, whose strata correspond exactly to the preceding decomposition. By
the same ‘fringed’ argument as in the proof of Proposition 3.7, and by the
finiteness of t, we just have to check that for all « > 0 sufficiently small and
d p « there is a Whitney stratification of VJt meeting all the strata of X«; d
transversally for a fixed t 2 t.
Note that every complex analytic Whitney refinement of a good stratification of
VF is again good. Let et be a non-zero element of the orthogonal space t’C in
C2. We now fix a Whitney stratification S of VJt¨ VJ t, such that VF is a
union of strata refining its original good stratification. Let « > 0 and d p « be
sufficiently small for S 2 n1« to be transverse to all the strata of this stratification
and for S 3d to be transverse to all the branches of Disc F. Let SJt be a stratum of
VJt, and let z 2 SJt .
If z 2 S 2 n1« ˙ Fÿ1B4d , the transversality of the sphere S 2 n1« with all the
strata of the Whitney stratification S of VJt¨ VJ t, suffices to conclude
the proof.
If z 2 B2 n2« ˙ Fÿ1S 3d , then z 62 VF and so, for « > 0 sufficiently small, the
(complex) rank of the restriction FjSJ t is 1 (this is a simple application of the
Curve Selection Lemma). The transversality of Disc F with the sphere S 3d then
implies the transversality of SJt with B2 n2« ˙ Fÿ1S 3d .
If z 2 S 2 n1« ˙ Fÿ1S 3d , we must show the transversality
Tz SJt K Tz Fÿ1S 3d ˙ Tz S 2 n1« :
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These three spaces being pairwise transverse, it is equivalent to show that
Tz SJt ˙ Tz Fÿ1S 3d  K Tz S 2 n1« :
But, because Fz 2 Ct, one has TFzS 3d É Cet, which, by taking the inverse
images, implies the inclusion Tz F
ÿ1S 3d  É Tz Jÿ1t, J t,z. Thus, it suffices to
show that, for Fz sufficiently small, one has
Tz SJt ˙ Tz f ÿ1t, J t,z K Tz S 2 n1« :
So let z1 be in VF˙ S 2 n1« . Let S be the stratum of S containing it. Suppose
that there is a sequence zk tending to z1 such that:
(i) there is a stratum SJt of VJt such that zk 2 S 2 n1« ˙ SJt for all k,
(ii) the sequence of tangent spaces Tz kSJt converges,
(iii) the sequence of tangent spaces Tz k Jÿ1t, J t,zk to the fibres of J t, at the
zk converges,
(iv) for all k, one has the non-transversality
Tz k SJt ˙ Tz k Jÿ1t, J t,zk 6K Tz k S 2 n1« :
Since the stratification S is of Whitney type, one has
limTz k SJt É Tz 1S:
Moreover, since the restriction of the stratification S to VJ t, is a good
stratification (being of Whitney type), one has limTz kJÿ1t, J t,zk É Tz 1S.
Because Tz 1S
2 n1
« 6K Tz 1 S, one gets a contradiction. . . . . . . . . . . . . . . . . . .A
4. Common Milnor subfibres and subfibrations between
members of a pencil of hypersurface singularities
Let F   f ; g: Cn1; 0 ! C2; 0 be a germ with no blowing up. Lemma
3.8, together with Propositions 3.7 and 3.5, allows one to deduce isotopies
between the Milnor fibrations of a finite number of members Jt of the pencil
PF associated with F from the isotopies between complex lines in C2
constructed in § 2. We will now prove the corresponding results, which were for
the most part stated in the Introduction.
4.1. Comparison between the Milnor fibrations of a non-transverse member and of
the transverse one
If we consider a non-transverse member, we cannot construct a priori an
isotopy as in Theorem 1.3 between the associated Milnor fibration and that of a
transverse member. Nevertheless, they will have a piece in common. First, let us
fix some notation: if Jt is a non-transverse member, the total space of its Milnor
fibration, defined in a suitable X« as in Lemma 3.8, will simply be denoted by Et,
and its fibre by Ft . Similarly, and because of Theorem 1.3, Jtrans , Etrans and Ftrans
will refer to a transverse member, the total space of its Milnor fibration and its
Milnor fibre, respectively.
Definition 4.1. Let Ut Ì P1 be an open contractible neighbourhood of t with
smooth boundary containing no other points of PC0 Disc F. Let E
int
t be the
342 cle´ment caubel
submanifold of the total space Et of the Milnor fibration of Jt given by
E intt : fz 2 Et j  f z : gz 62 Utg:
The restriction of Jt to E
int
t defines a Milnor subfibration of Jt whose topological
type does not depend on the choice of Ut Ì P1. We will call it the internal
Milnor subfibration of the non-transverse member Jt .
The fibre F intt of this subfibration is called the internal Milnor subfibre of Jt .
Notice that the submanifold E intt contains the intersection of Et with all the
components of the critical locus of F, except those whose image by F have t as
tangent direction at 0.
Example 4.2. If the only component of Disc F having t as tangent direction
at 0 is the complex line with direction t, the Milnor fibration of Jt is
homeomorphic to its internal subfibration (this comes from the equality
Et ˙ Crit F  E intt ˙ Crit F).
Remark. To show that E intt defines a Milnor subfibration of Jt which does not
depend on the choice of Ut , or that E
int
t . Et in the preceding example, one
can use the isotopy Lemma 3.5; this may constitute for the reader a warm-up
before the proof that comes next, which is based on the same principle and which
is detailed.
Proofs of Theorems 1:3 and 1:5. Let us prove Theorem 1.5 first. We can
suppose after a change of coordinates that the non-transverse member Jt is g, that
the member f  g is transverse, and that there are no non-transverse parameters
other than 1 : 0 in the disc Ug : f1 : t j j t j< 1 cg, with c > 0 small. Let
then X« be a privileged neighbourhood for both g and f  g, as in Lemma 3.8.
Consider the following unfolding of g:
G:
X« · 0; 1 ! C; 0 · 0; 1
z ; t 7! t f z  gz; t
 !
:
A way to obtain two isotopic Milnor subfibrations for g0  g and g1  f  g is to
construct a submanifold P Ì X« · 0; 1 fibred by the restriction of G. But F«
factors the unfolding G naturally: one has G  H – F« · Id0;1, with
H :
B
4
dF« · 0; 1 ! C; 0 · 0; 1
u; v; t 7! tu v; t
 !
:
Moreover, F« lifts the isotopies according to Proposition 3.5; hence the product
F« · Id0;1 does too. Therefore, it suffices to construct a submanifold Q of
B
4
dF« · 0; 1 such that the restriction of H to the pair Q; Q ˙ Disc F · 0; 1 is
a proper submersion.
But now the fibres of H are exactly the pairs H ÿ1 y; t  L yt ; t, where
t 2 0; 1 and L yt is the complex line with slope t and with origin ordinate y. We
can then use Lemma 2.3 (with Q  P1 nUg  fs : 1 j js j< 1=1 cg, and
K  1 : 0; 1 : 1) to show that when j yj 6 0 is sufficiently small, all these
lines are transverse to the pair N; N ˙ Disc F, where
N : fu; v 2 B4dF«n0 j u : v 62 Ugg:
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We can now put Q  N · 0; 1 Ì B4dF« · 0; 1: this gives the desired isotopy between
the internal Milnor subfibration of g defined by E intg  fz 2 Eg j  f z : gz 62 Ugg
and a Milnor subfibration of f  g.
The proof of Theorem 1.3 is exactly the same, except that we can
put N  B4dF«. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .A
Remark. More generally, for two arbitrary distinct directions t and t 0 in P1,
and Ut; t 0 Ì P1 an open contractible neighbourhood of t and t 0 with smooth
boundary containing no point of PC0 Disc F other than t and t
0, the same proof
shows that the two subsets
E t; t
0
t : fz 2 Et j  f z : gz 62 Ut; t 0g;
E t; t
0
t 0 : fz 2 Et 0 j  f z : gz 62 Ut; t 0 g
of the total spaces of the Milnor fibrations of Jt and Jt 0 define isotopic
Milnor subfibrations.
Corollary 4.3. Suppose that f is a non-transverse member of the pencil
PF associated with a pair F   f ; g: Cn1; 0 ! C2; 0 with no blowing
up. Then the characteristic polynomials of the top-dimensional homological
monodromies of f and a generic deformation f  tg have a common factor,
given by the top-dimensional homological monodromy of the internal Milnor
subfibration of f .
More generally, the homological zeta functions associated with f and f  tg
have a common factor given by the internal Milnor subfibration of f.
Proof. The second statement is a direct consequence of the properties of
the homological zeta function, while the first comes from the inclusions of
HnF intf ; Z in HnFf ; Z and HnFf  tg ; Z, and the fact that they commute with
the different monodromies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .A
Example 4.4. The last theorem, together with Example 4.2, shows that, when
Jt is a non-transverse member such that the only component of Disc F tangent at
the origin to the t-directional complex line is this line itself, its Milnor fibration
can be embedded in the one of a transverse member Jtrans . This can be used in
the following situation: if the pair F   f ; g has no blowing up, then this is also
the case for the pair FN :  f ; gN . Now if f is a non-transverse member of
PF, then for N sufficiently large it will satisfy the preceding hypothesis in
PFN, and so its Milnor fibration will be embedded in the one of a transverse
member ft  f  tgN .
In particular, by induction on the dimension s of the critical set Crit f , we
recover the result of Tiba˘r (see [27]), saying that the Milnor fibration of any
germ f : Cn1; 0 ! C; 0 can be embedded in that of a deformation
f  t1 ,N11  . . . ts ,Nss with an isolated singularity at 0.
4.2. A spectral sequence
Our final result, or more precisely the remark following it, when applied
simultaneously to all the non-transverse members (which is possible, thanks to
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Lemma 3.8 with t  PC0 Disc F ¨ ftransg, gives a result which is a first
(modest) step towards a precise formulation of the following conjectural credo:
the generic topology can be built from the atypical ones.
For a  p 1-tuple t0 ; . . . ; tp of non-transverse parameters, F intt0 ;...; tp will
denote the intersection of the images of the internal Milnor subfibres F intt i in the
Milnor fibre Ftrans of a transverse member. These intersections F
int
t0 ;...;tp
are the
fibres of Milnor subfibrations of Jtrans . Each homology group of these subfibres,
as for Ftrans , is then endowed with an endomorphism induced by the monodromy,
that is, with a Zx; xÿ1-module structure. But if the pencil has at least two non-
transverse members, one can suppose that the fibre Ftrans is covered by the union
of all the images of the internal subfibres F intt . The Mayer–Vietoris spectral
sequence associated with this cover allows one to state the following.
Theorem 4.5. For every PF associated with a pair F with no blowing up
and with at least two non-transverse members, there is a spectral sequence of
Zx; xÿ1-modules, given by
E 1pq 
M
t i j 2PC0 Disc F
i 0 < ... < ip
HqF intt i 0 ;...; t ip ; Z ) HpqFtrans ; Z:
4.3. Comparison between the Milnor fibres of a non-transverse member and of the
transverse one
We will now determine the ‘maximal’ (with respect to our method) Milnor
subfibre of a non-transverse member Jt that can be embedded in the Milnor fibre
of the transverse member Jtrans . It will, of course, contain the internal Milnor
subfibre but will not be a priori the fibre of a common subfibration. This subfibre
will be, in certain cases, isotopic to the Milnor fibre of the non-transverse
member, or to that of the transverse one. There are three types of non-transverse
parameters in PC0 Disc F (which were all illustrated in Figure 2): t is of Type I if
the t-directional line passing through 0 is the only component of Disc F having t
as tangent direction at 0, of Type II if this line is not a component of Disc F, and
of Type III in the remaining case.
Theorem 4.6. Let Jt be a non-transverse member of the pencil associated
with a pair with no blowing up. Then one has the following.
(i) If t is of Type I, the Milnor fibration of Jt is isotopic to its internal Milnor
subfibration. In particular, it can be embedded in the Milnor fibration of a
transverse member.
(ii) If t is of Type II, the Milnor fibre Ftrans of a transverse member can be
embedded in the Milnor fibre Ft of Jt , and its image contains the internal
Milnor subfibre.
(iii) If t is of Type III, the Milnor fibre Ftrans of a transverse member and the
Milnor fibre Ft of Jt have isotopic subfibres that contain the internal
Milnor subfibre and its isotopic image in Ftrans (but are possibly larger).
Proof. We make the same assumptions as in the beginning of the proof of
Theorem 1.5, and use the same notation.
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For y 6 0 in C sufficiently small, consider the set eQ y in B4dF« · 0; 1 defined byeQ y : [
t2 0;1
L
y
t · ftg:
The proof of Proposition 2.4 can then be rephrased to say that for all r > 0 there
is a y 6 0 with j yj < r and a closed submanifold with corners Q y Ì eQ y meeting
the product Disc F · 0; 1 transversally. Moreover, the restriction H y of H to Q y
(which is simply the projection on the second factor in this case) is a proper
submersion of the pair Q y; Q y ˙ Disc F · 0; 1 on 0; 1. Finally, the fibres
Q
y
0 and Q
y
1 of this restriction over 0 and 1 are exactly the isotopic marked
subdiscs of the horizontal and of the oblique marked discs that are considered in
this proposition.
The product F« · Id0;1 lifts the isotopies; hence these isotopic marked subdiscs
correspond to isotopic Milnor subfibres of the non-transverse member g and of the
transverse member f  g respectively. The conclusions then follow from those of
Proposition 2.4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .A
The cases I and II are the most tractable: they show that in certain cases, one of
the Milnor fibres we compare is obtained from the other by attaching some
handles. This may sometimes be used to determine when a non-transverse
parameter is really atypical. For instance, the following holds.
Corollary 4.7. Suppose that n  1, or that all the members of the pencil
PF with no blowing up have an isolated singularity at 0 and that the critical
locus of F is of dimension at most 1. Then the approximation of Theorem 1:3 is
sharp: one has AF  PC0 Disc F.
Proof. Put n > 2. When a germ f : Cn1; 0 ! C; 0 has an isolated
singularity at 0, the homotopy type of the Milnor fibre Ff is exactly the
homotopy type of the universal covering B2 n2« nV f e (where  ? e denotes
e? ) of the complement of the hypersurface germ it defines (this is true
more generally whenever Ff is simply connected, which is the case when
codimV f  Crit f > 2). It follows that in order to show that the embedded
topologies of the hypersurface germs they define are different, it suffices to show
that the Milnor fibre of a non-transverse member Jt of PF has a different
homotopy type from that of a transverse member.
But the facts that the critical locus Crit F is a curve, and that Jt has an isolated
singularity, imply that t is of Type II and then that its Milnor fibre is obtained
from that of a transverse member Jtrans by attaching some n-handles (see [3, III.3.2]
for a more detailed discussion). Their Euler characteristics are then different.
For n  1, the same argument is valid for the Type II parameters. But the Type
I and Type III parameters are necessarily associated with non-isolated singula-
rities, which in the case of plane curves are known not to have the same topology
as isolated ones. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .A
Remark. In association with Parusin´ski’s result [23], this shows that
PC0 Disc F is in this case exactly the set of parameters t where the Milnor
number mJt ‘jumps’.
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5. Examples
5.1. Generalized Iomdine–Leˆ deformations
Let f : Cn1; 0 ! C; 0 be a complex analytic germ. We call any germ
ft  f  t, N a generalized Iomdine–Leˆ deformation of f, where ,, a linear form,
and t 2 C are both sufficiently general, and N is a positive integer.
Remark. These deformations have been considered by many authors (see [8,
11, 25]), but only when N is sufficiently large. But without requiring N to be
large, these deformations appear naturally in the study of the singularities at
infinity of polynomials: if F: Cn1 ! C is a polynomial and eF is its
homogenization, then f will be the germ of eF in an affine chart of Cn1 at one
of its zeros in the hyperplane at infinity PCn1 nCn1, and g  ,deg F will be an
equation of this hyperplane, to the adequate power. The hypersurface germs
V ft  fz j f z  ÿt,zdeg Fg then correspond to the fibres Fÿ1ÿt of F. One
must nevertheless be cautious: it may happen that the genericity condition on , is
not satisfied in this case (think of the example  y2 ÿ xz; x seen previously, which
corresponds for instance to the polynomial FX; Y ; Z  Y 2 ÿ Z ). However, it is
always satisfied in the finite case, that is, when n  1.
When the genericity conditions are assumed, the pair FN   f ; ,N has no
blowing up for all N > 0, and these deformations are exactly the generic members
of the pencil PFN. We can then use our methods to compare the Milnor
fibration of f with that of any such deformation ft .
To state the result, we need first to collect a few facts about the polar exponents
and the polar filtration (see for instance [10]). To any pair  f ; ,, we can
associate a finite increasing sequence e f   fe1 < . . . < erg of rational numbers
greater than 1, the polar exponents of f with respect to ,. They are the ratios of
the first powers that appear in the Puiseux parametrization of the different
branches of the discriminant Disc f ; ,, which, as we have seen above, is tangent
to the vertical axis at 0 (this explains why these ratios are greater than 1.) Note
that we have chosen a different convention from the one in [10]: our polar
exponents are the inverses of the ones of Leˆ.
One can associate to the sequence e f  an increasing filtration of the Milnor
fibre of f , the polar filtration, which can be supposed compatible with the
monodromy: we have
Ff jV, : F 0f Ì F e1f Ì . . . Ì F erf  Ff
with F
ei
f : fz 2 Ff j j,zjei < M j f zjg M q 1. Furthermore, every piece of
this filtration is obtained from the preceding piece by adding some n-handles.
Proposition 5.1. To every positive integer N we associate a number eN 
which is the greatest polar exponent less than or equal to N, or 0 if N < e1. Then
the piece F
eN 
f of the polar filtration of the Milnor fibre of f can be embedded in
the polar filtration of the Iomdine–Leˆ deformation f  t, N, and it is the fibre of a
common Milnor subfibration.
Proof. It suffices to identify F
eN 
f with the internal subfibre F
int
0 :1 of the
Milnor fibre of f in the pencil associated with FN   f ; , N . . . . . . . . . . . . .A
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Remark. This result suggests the following heuristic description of the polar
filtration: it is formed by the pieces which the Milnor fibration of f shares with
the fibration of a Iomdine–Leˆ deformation f  t,N , with N increasing.
5.2. The Malgrange pencil
Let F   f ; g: Cn1; 0 ! C2; 0 be defined by
Fz  z0 . . . zn2; z2 n40  . . . z2 n4n :
We call the pencil PF associated with F the Malgrange pencil for the following
reason: its generic member is precisely the example Malgrange studied in [18] to
show that the bound for the quasi-unipotency given by the Monodromy Theorem
is sharp. We will illustrate our methods by computing the Milnor number of this
generic member Jgen  f  g. See also [1]. For details, see [3].
The Milnor fibres of f , g and f  g will be denoted by Ff , Fg and Fgen,
respectively. One has:
Ff .  S 1 · . . . · S 1|{z}
n times
 · f0; 1g; Fg . S n _ . . . _ S n|{z}
2 n3n 1 times
:
The pair F has no blowing up: the hypersurfaces V f  and Vg have natural
Whitney stratifications, given by
V f  
a
0= 6 I Ì f0;...;ng
fz i  0; i 2 I; z j 6 0; j 62 Ig;
Vg  Vgnf0g¨ f0g:
These stratifications are transverse to each other. The induced intersection
stratification on VF can then be shown to be good.
The critical locus Crit F splits: Crit F  Crit f ¨ G, where G is the curve given
by z2 n4i  z2 n4j for all i and j. This curve is the union of 2n 4n distinct
lines. One can show that F has only A1 singularities along Gnf0g.
The discriminant Disc F splits accordingly: Disc F  C0 : 1¨ D , with
D  FG having 1 : 0 as tangent direction at 0. Thus one gets
PC0 Disc F  f1 : 0; 0 : 1g, with 1 : 0 of Type II and 0 : 1 of Type I.
Here, the approximation given by the Theorem 1.3 is sharp (for 1 : 0, it is a
direct application of Corollary 4.7; for 0 : 1 the Milnor fibre of J0 :1  f is not
a bouquet of n-spheres, so f cannot be topologically equivalent to the generic
member, which defines an isolated singularity).
The following four assertions connect with each other the homotopy types of
Ff , Fg , Fgen and that of the fibre Fj of F:
(a) the fibre Fgen is homotopy equivalent to the union of the two internal
subfibres F intf and F
int
g , their intersection being homotopy equivalent to the
fibre Fj;
(b) one gets Ff from Fj by attaching G; V f 0 n-handles (the last notation
designates the intersection number);
(c) the fibre Ff is homotopy equivalent to its internal subfibre F
int
f ;
(d) one gets Fg from its internal subfibre F
int
g by attaching G; Vg0 n-handles.
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We then get the following system of equations:
xFgen  1 ÿ1nmgen  xF intf   xF intg  ÿ xFj ;
xFf   xFj   ÿ1nG; V f 0;
xFf   xF intf ;
xFg  xF intg   ÿ1nG; Vg0:
8>>><>>>:
We know already that xFf   0 and xFg  1 ÿ1n2n 3n1. Moreover,
since G is the union of 2n 4n lines, none of which is contained in V f ,
we get
G; V f 0  deg f 2n 4n  2n 22n 4n;
and, analogously,
G; Vg0  deg g2n 4n  2n 4n1:
So, finally,
mgen  2n 22n 4n  2n 3n1 ÿ 2n 4n1
 2n 3n1 ÿ 22n 4n:
For n  2 , we find that mgen  215, which was noticed by A’Campo in [1].
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